Abstract. We study the Kähler geometry of the classical Hurwitz space H n,b of simple branched coverings of the Riemann sphere P 1 by compact hyperbolic Riemann surfaces. A generalized WeilPetersson metric on the Hurwitz space was recently introduced in [ABS15]. Deformations of simple branched coverings fit into the more general framework of Horikawa's deformation theory of holomorphic maps, which we equip with distinguished representatives in the presence of hermitian metrics. In the article we will investigate the curvature of the generalized Weil-Petersson Kähler metric on the Hurwitz space.
1. Introduction 1.1. Hurwitz spaces. The classical Hurwitz space H n,b parametrizes isomorphism classes of simple branched coverings f : X → P 1 of degree n with b branching points, where X is a compact hyperbolic Riemann surface. These spaces first appeared in the works of Clebsch [Cl72] and Hurwitz [Hu91] , where they showed that H n,b is connected. Further investigations using the language of modern algebraic geometry were made by Fulton [Fu69] as well as Harris and Mumford [HM82] . Originally, Hurwitz spaces were used as auxiliary objects to study the moduli space M g of compact Riemann surfaces of genus g > 1. For example, the existence of a natural holomorphic map H n,b → M g , which is surjective for n > g ( [Sev21] ), gives a more elementary proof of the fact that M g is irreducible.
The algebraic geometers studied the geometry of the Hurwitz space by means of the finite topological covering
In this article, we take a deformation theoretic point of view and study the Hurwitz space by means of its universal family X → P 1 × H n,b .
Inspired by the theory of families of Kähler-Einstein manifolds in higher dimensions, we equip the fibers X s with hyperbolic metrics and P 1 with the Fubini-Study metric. This allows us to introduce a generalized Weil-Petersson metric on H n,b , which turned out to be Kähler ( [ABS15] ). The metric reflects the variation of the meromorphic maps as well as the variation of the underlying complex structures. Since the methods of Kähler geometry are now available, we are able to study the differential geometric properties of the Hurwitz space. The main focus lies on the curvature of the Weil-Petersson metric.
1.2. Differential geometric setup and statement of results. The geometric study of the Hurwitz space using methods from differential geometry starts with the work of Axelsson, Biswas and Schumacher in [ABS15] , where they had a deformation theoretic point of view. We first recall their setup and definitions.
We consider a holomorphic family of coverings (β, f ) : X → Y × S of compact hyperbolic Riemann surfaces X s and a fixed compact Riemann surface Y . (Note that this leads to generalized Hurwitz stacks H n,b (Y ), see [HGS02] ). Choose local coordinates (z, s = s 1 , . . . , s r ) on X and w on Y such that β(z, s) = w and f (z, s) = s.
The fibers X s carry unique hyperbolic metrics ω Xs = √ −1 g(z, s) dz ∧ dz of constant Ricci curvature −1. Let v s be the horizontal lift of a tangent vector ∂ s on S at s introduced by Schumacher in [Sch93] , which are special canonical lifts in the sense of [Siu86] . The harmonic representative of the Kodaira-Spencer map ρ s : T S,s → H 1 (X s , T Xs ) is given by µ s = (∂v s )| Xs .
Set ϕ := v s , v s ωX where ω X := √ −1∂∂ log g(z, s).
According to [Sch93] we have ( ωs + 1)ϕ = µ s 2 . In this article, we give a more conceptual definition of the vector fields u s . Refining Horikawa's theory of deformations of holomorphic maps in the presence of hermitian metrics, the vector fields u s | Xs ∈ A 0,0 (X s , β * s T Y ) turn out to be generalized harmonic representatives of the characteristic map (KodairaSpencer map for deformations of maps) τ s : T S,s → H 0 (X s , N βs ). Here N βs is the normal sheaf of the map β s : X s → Y . Moreover, we will apply this general results to the case of coverings of Riemann surfaces. Remembering that the branching points give local coordinates on the Hurwitz space, we can give an answer to the question which infinitesimal movements of branching points actually change the complex structure of the overlying hyperbolic Riemann surface. After providing the reader with the basic properties of Hurwitz spaces in the next section, these deformation theoretic aspects are the content of section 3.
Define
After introducing the necessary objects, the Weil-Petersson metric can be defined as follows:
Let ω Y be a metric on Y of constant Ricci curvature equal to ǫ = 0 or ±1 depending on its genus. The Weil-Petersson inner product on the tangent space T S of the base S is defined by its norm
The product is positive definite if the family (β, f ) : X → Y ×S is effectively parametrized. Furthermore, the Weil-Petersson form satisfies the fiber integral formula
In particular, the Weil-Petersson form is Kähler.
In section 4, we will study the Weil-Petersson metric on the base of a family of coverings. We provide a list of useful identities for later computations. Moreover, we will reprove the Kähler identity by a direct computation.
In section 5, we consider the universal family (β, f ) : X → P 1 × H n,b . Under the assumption b > 4g − 4, the coherent sheaf f * β * T P 1 is locally free and a holomorphic subbundle of the tangent bundle T H n,b on the Hurwitz space. As our main result, we obtain Theorem 1.3. The induced Weil-Petersson metric on the subbundle f * β * T P 1 (which is fiberwise the natural L 2 -metric on H 0 (X s , β * s T P 1 )) has curvature
The first summand can be split up into four terms such that the explicit derivatives in base direction completely disappear. Note that we are dealing with a coupled situation where the complex structure on X s as well as the hermitian bundle (β * s T P 1 , β * s h) varies. The difficulty in the computation of the curvature arises from the fact that we have two competing hermitian metrics ω Xs and ω P 1 both contributing to the Weil-Petersson metric. But there is no intimate relation between those two metrics.
In the situation b > 4g − 4, the canonical map H n,b → M g is a submersion onto the smooth open subset of the moduli space belonging to curves having trivial automorphism group. Writing M 
where we have restricted the family to H n,b 0 . We denote the fiber of a class
. We have the relation
Corollary 1.4. The curvature of the restricted Weil-Petersson metric is given by
Although stated as a corollary, we will provide a separate proof of this statement.
The results in this article are from the authors dissertation [Na16] .
Construction of Hurwitz spaces and first properties
It is very classical to study compact Riemann surfaces by branched coverings of the Riemann sphere. The generic case is one of a simple branched covering with only two sheets meeting over each branch point. The number b of branch points for a simple covering of degree n with total space of genus g is given by the Riemann-Hurwitz formula b = 2n + 2g − 2 The classical Hurwitz space H n,b is the set of equivalence classes of simple branched coverings f : X → P 1 of compact Riemann surfaces X of degree n with b branch points, (n, b)-covering for short, where X is considered to be hyperbolic. Here we say that two coverings f : X → P 1 and g : X ′ → P 1 are equivalent iff there is an automorphism ϕ : X → X ′ such that g • ϕ = f . A covering map is given by the b-tuple of its branch points and a finite number of certain monodromy data. This gives a map from the Hurwitz space to the set of unordered b-tuples of b distinct points of P 1 , which can be identified with P b \ ∆ where ∆ is the discrimination locus. We can put a topology on H n,b such that this map becomes a finite unbranched topological covering: Given a (n, b)-covering f : X → P 1 with branching points B = (y 1 , . . . , y b ), we can move these points inside disjoint open discs around the points y j by a homeomorphism of P 1 to obtain a new covering of degree n with b branching points, which is a priori just continuous. After removing the branching points and the corresponding fibers of this map, we can complete it by the Riemann Existence Theorem to a holomorphic (n, b)-covering f B ′ : X → P 1 , where the complex structure on the surface X may change. Using the correspondence between topological coverings and subgroups of the fundamental group, we see that f B ′ only depends on f and the new positions B ′ = (y ′ 1 , . . . , y ′ b ) of the branch points and not on the chosen homeomorphism. For that reason, H n,b can be equipped with a complex structure, so that the Hurwitz space becomes an affine complex manifold of dimension b. Relying on calculations of Clebsch [Cl72] , Hurwitz showed in [Hu91] that H n,b is connected. Due to Fulton and his fundamental article [Fu69] , there is a universal family for n > 2:
This family can be constructed analytically: First using the process of constructing open neighborhoods in H n,b just described, we can construct them locally. By fact that there are no non-trivial automorphisms of simple branched (n, b)-coverings for n > 2, it follows that the isomorphisms between two equivalent (n, b)-coverings are unique. (An automorphism ϕ : X → X of a covering with ϕ = id would yield an unbranched covering X/ϕ → P 1 and thus X/ϕ ∼ = P 1 , which means n = 2.) Therefore, the local families can be glued together to give a global family over H n,b .
Now we discuss briefly the Kobayashi hyperbolicity of the Hurwitz space, since we are especially interested in differential geometric properties of this space. For a simple branched (n, b)-covering β 0 : X → P 1 and an automorphism α : P 1 → P 1 , the map α • β 0 : X → P 1 is again a simple branched (n, b)-covering, which cannot be equivalent to β 0 for α = id. Therefore, the 3-dimensional Lie-group Aut(P 1 ) = PGL(2) acts on the Hurwitz space H n,b . Hence, we have that the Hurwitz space H n,b is not hyperbolic (in the sense of Kobayashi) . But what if we eliminate the action of Aut(P 1 )? We move our point of view to a different category of coverings: Two branched coverings f : X → P 1 and f ′ : X ′ → P 1 are considered to be equivalent iff there exist biholomorphic maps ϕ : X → X ′ and ψ :
Now consider the branch points P 1 , . . . , P b as an ordered b-tuple. Because the Möbius group acts exactly threefold transitively on P 1 , we can reach P b−2 = 0, P b−1 = 1 and P b = ∞. Now we construct the so called reduced Hurwitz space H n,b red as a finite unbranched topological covering of
where ∆ b−3 is the weak diagonal. This is the point of view in [HM82] . Now the space P 1 \ {0, 1, ∞} is hyperbolic as well as ( Originally, the Hurwitz space was used as an auxiliary object to study the moduli space M g of compact Riemann surfaces of genus g > 1. The existence of the universal family X → H n,b gives a natural holomorphic map
by mapping a simple covering X → P 1 to the isomorphism class of X. Using appropriate linear systems and Riemann-Roch (see [Fu69] ), one can show that this map is even surjective for n > g. By studying the fibers of this map, which have dimension 2n − g + 1, Riemann obtained for the dimension of M g in his famous moduli count [Ri57] :
We will compute the curvature of the fibers of the map H n,b → M g .
Methods of deformation theory
3.1. Horikawa's theory. In this section, we introduce the Kodaira-Spencer map for deformations of holomorphic maps with fixed target. This goes back to Horikawa ([Ho73, Ho74] ). For the classical theory of deformations of complex structures, which is not recalled here, we refer to [Ma05] . Let Y be a fixed compact complex manifold.
Definition 3.1. A family of holomorphic maps to Y consists of a family (X , p, S) = (X s ) s∈S of compact complex manifolds parametrized by a connected complex manifold S together with a holomorphic map F : X → Y . We collect these data in the quadrupel (X , p, S, F ). We set f s = F | Xs : X s → Y and also denote the family by (X s , f s ) s∈S .
Now let (X , p, S, F ) be such a family of holomorphic maps to Y and s 0 ∈ S a fixed point. We set X = X s0 and f := F | X : X → Y . We have an exact sequence of coherent sheaves
where N f is the normal sheaf on f , i.e. the cokernel of df . After restricting to a neighborhood of s 0 ∈ S if necessary, we have the following setting:
S is an open subset in C r with coordinates s = (s 1 , . . . , s r ) and s 0 = (0, . . . , 0). (ii) X is covered by a finite number of Stein coordinate neighborhoods U i together with coordinates
Y is covered by a finite subset of Stein coordinate neighborhoods V i with local coordinates
we have holomorphic transition functions
z i = f ij (z j , s). (v) On V i ∩ V j ,
Then we get the relation
For any tangent vector ∂/∂s ∈ T S,0 we set
Then form equality 3.2 we infer that
is a representative of the Kodaira-Spencer class at s = 0 of the family p : X → S. Therefore, the 0-cochain (P τ i ) defines an element of H 0 (X, N f ). Thus we can define a linear map
the so called characteristic map for the family of holomorphic maps. The space H 0 (X, N f ) describes the infinitesimal deformations of the holomorphic map f , see [Se06] . To get a better description of the elements of this space, we define Definition 3.2. 
For a proof see [Ho73] .
There is also a Dolbeault-type description of the space D X/Y also due to Horikawa:
is a Dolbeault representative of the class [θ]. On the other hand we have
Both objects are related by∂
If we have a second cochain η
. The forms ϑ and ξ then become ϑ +∂ζ and ξ + f * ζ. If we start with the representative (f * σ, δσ) with σ ∈ C 0 (U, T X ) belonging to the trivial class in D X/Y , we can choose η i = −σ| Ui and get ϑ =∂(−σ) = 0 as well as ξ = f * σ + f * (−σ) = 0. Therefore, the class (ξ, ϑ) does not depend on the chosen representative.
Conversely, if (ξ, ϑ) with∂ξ = f * ϑ and∂ϑ = 0 are given, we find
; θ and τ become θ + δσ and τ + f * σ respectively. Hence, the class (τ, θ) in D X/Y is well-defined. Furthermore, we see that a pair of the form (f * ζ,∂ζ) with ζ ∈ A 0,0 (T X ) is mapped on the trivial class (0, 0). This gives the desired isomorphism.
After recalling the work of Horikawa, we would like to give a constructive description of how to produce representatives of the characteristic map in D ′ X/Y : Proposition 3.6. Let (X , p, S, F ) be a family of non-degenerate holomorphic maps to Y . For a point s 0 ∈ S, we set X = X s0 and f = F | X : X → Y . Let ∂/∂s ∈ T S,s0 be a tangent vector. Extend this vector to a local holomorphic vector field in a neighborhood
, where δτ = f * θ. In local coordinates, τ = (τ i ) has the form
We note that τ i = F * (∂/∂s)| X , where we view s as a local coordinate on U i . The cocycle θ = (θ ij ) defined by
is representing the Kodaira-Spencer class ρ(∂/∂s). We already know that∂(χ)| X is a Dolbeault representative of θ (see [Ma05] ). Write χ locally as
Since∂(χ − ∂/∂s) =∂(χ), the 0-cochain η = (η i ) defined by
yields a differentiable splitting of θ. After the proof of the preceding lemma, τ (∂/∂s) ∈ D ′ X/Y is thus given by the pair (ξ, θ), where
From this it finally follows ξ = F * (χ)| X .
3.2. Refining Horikawa's theory in the presence of hermitian metrics. In this subsection, we consider more specifically families of non-degenerate holomorphic maps f s : X s → Y , where the fibers X s are compact hermitian manifolds. In this case, any Dolbeault class in H 1 (X s , T Xs ) has a unique harmonic representative (with respect to ∂ ). We fix a point s 0 ∈ S and the corresponding fiber X = X s0 together with the map f = f s0 . The monomorphism of sheaves f * : Proposition 3.7.
Then there is a natural map from H X/Y to D ′′ X/Y . We have to show that this map is indeed bijective. Let ξ ∈ A 0,0 (f * T Y ) such that∂ξ = f * ϑ for a ϑ ∈ A 0,1 (T X ). There exists a ζ ∈ A 0,0 (T X ) such that ϑ ′ = ϑ +∂ζ is harmonic. Then χ = ξ + f * ζ lies in the same class as ξ in D ′′ X/Y and we have∂χ = f * ϑ ′ .
If χ, χ
and the injectivity of f * that ϑ ′ = ϑ +∂ζ. Thus the two harmonic forms ϑ and ϑ ′ are Dolbeault equivalent, hence coincide. It follows ∂ζ = 0, i.e. ζ is a global holomorphic vector field on X. Therefore, the vector fileds χ and χ ′ determine the same class in H X/Y . Remark 3.8. We consider the case H 0 (X, T X ) = 0. We get
and we write the exact sequence 3.3 in the form
Now all maps have a very simple description: α can be read as an inclusion. The map β is simply∂ and γ assigns to a form f * (ϑ) ∈ A 0,1 (X, f * T Y ) its Dolbeault class in H 1 (X, f * T Y ). The exactness comes immediately.
Form now on let also Y be equipped with a hermitian metric h. The pullback (f * T Y , f * h) is then a hermitian bundle on X. We denote the adjoint operator of∂ with respect to f * h on the space
We interpret the exact sequence
Then we have a splitting by means of the following maps:
Proof. We have the identity id = H + G ∂ , where ∂ =∂ * h∂ for elements in A 0,0 (X, f * T Y ).
Remark 3.10. Since H 1 (X, f * T Y ) = 0, there are no harmonic (0, 1)-forms with values in f * T Y . Hence, the Laplace operator ∂ =∂ * h∂ is invertible on the space A 0,1 (X, f * T Y ) and the inverse operator is the Green operator on A 0,1 (X, f * T Y ). Therefore, we have in particular u = G∂∂ * h u =∂G∂ * h u for all u ∈ f * (H 0,1 (X, T X )).
Proposition 3.11. Now let H 0 (X, T X ) = 0 = H 0 (X, f * T Y ). We write the exact sequence
Proof. We have the identity id = H + ∂ G, where ∂ =∂∂ * h for elements in A 0,1 (f * T Y ).
Remark 3.12. Proposotion 3.9 asserts that one can assign on the infinitesimal level to a deformation of f : X → Y , i.e. an element of H X/Y , an element of H 0 (X, f * T Y ), i.e. a deformation where the complex structure remains unchanged. The second proposition 3.11 means that one can assign to an infinitesimal deformation of X an infinitesimal deformation of f : X → Y .
Remark 3.13. It is not difficult to generalize the results of this section to the case of general deformations of holomorphic maps which do not fix the target space Y .
3.3. Movement of branching points. We end this section with a rather concrete infinitesimal consideration of the Hurwitz space. For this, we consider the universal family X → P 1 × H n,b . As we have seen in the introduction, the complex structure on H n,b is given by the finite unbranched topological covering
b \ ∆ This map assigns to a branched covering its set of branching points on P 1 , which we read as a divisor on P 1 . We write for short H = H n,b and consider an arbitrary point s 0 ∈ H as well as the corresponding covering β = β s0 : X = X s0 → P 1 . We write B = br(s 0 ) for the branching divisor. Then the differential
The space H 0 (P 1 , O B (B)) is known as the space of infinitesimal deformations of the effective divisor B on P 1 , see [HM98, p. 94]. We take the geometric point of view and interpret a tangent vector at s 0 ∈ H as an equivalence class of smooth curves in H through the point s 0 under the equivalence of first order approximation. These corresponds via the map br to curves in the space of branching points or differently speaking: The infinitesimal movement of the b branching points in P 1 b corresponds to an infinitesimal deformation of the covering β : X → P 1 . But we have seen that these infinitesimal deformations are in turn described by the space
which appears in the tangent sequence (c 1 , c 2 , . . . , c b ) . The subspace H 0 (X, β * T P 1 ) ⊂ H X/P 1 stands for the infinitesimal deformations of β : X → P 1 , where the complex structure of X remains (infinitesimal) unchanged. This means that the complex structure remains infinitesimally unchanged along directions of vectors, which are residuals of holomorphic vector fields with simple poles in the ramification points. The residuum of a meromorphic vector field depends on the chosen coordinates. However, the property c = 0 and c = 0 respectively does not! Now we can ask the question which movements of branching points keep the structure on X fixed or not. One result in this direction is the following statement:
Proposition 3.14. If one moves less than 2g − 2 branching points on P 1 , the complex structure on X changes.
be the ramification divisor of β on X and
the branching divisor on P 1 , where β(p i ) = q i . Since we have a simple covering β : X → P 1 , there is a one-to-one correspondence between the ramification points on X and the branching points on P
1 . An infinitesimal movement of the points q 1 , . . . , q b is an element of H 0 (P 1 , O B (B)). In local coordinates z i centered around the points q i , such a section can be written as
If the k-th point is not moved, we have (in all such coordinates) a k = 0. By means of the identifications
such a section gives a differentiable vector field on X, which is meromorphic in a neighborhood of the ramification points. In this situation we have a pole (that means the "residuum" is different from zero in all centered coordinates) if and only if the corresponding branching point moves. Now the question is the following: Is there a meromorphic vector field on X, which has simple poles in only r < b of the b branching points? For r < 2g − 2, the answer is negative, since the line bundle T X (R ′ ) has negative degree for a divisor R ′ < R of degree r and hence has no non-trivial holomorphic sections.
Remark 3.15. The statement of the proposition can already be found in the note [Fr12] . There, using methods from Teichmüller theory, the statement is proved by assigning a Beltrami differential to each movement of branching points. This leads to a Riemann-Roch discussion of the space H 0 (X, K X (−B)), the Serre dual of the space H 1 (X, T X (B)).
The Weil-Petersson metric
4.1. Families of coverings. We apply the deformation theory developed in the last section to the case of branched coverings of compact Riemann surfaces. We fix a compact Riemann surface Y of arbitrary genus. We use the notation and definitions from [ABS15] . Now let (β, f ) : X → Y × S be a holomorphic family of coverings with g(X s ) > 1, i.e. X s is hyperbolic. We fix a point s 0 ∈ S together with the fiber X = X s0 and the corresponding map β 0 = β s0 : X → Y . Let z be a local holomorphic coordinate on the fibers and s = (s 1 , . . . , s r ) be local holomorphic coordinates on S, which we use as coordinates on X such that f (z, s) = s. Then every fiber X s carries a unique hyperbolic metric ω Xs = √ −1g(z, s)dz ∧ dz of constant Ricci curvature −1, which is C ∞ and also depends C ∞ -differentiable on the parameter s. It therefore holds
The Kähler forms on the fibers of f yield a hermitian metric g −1 (z, s) on the relative canonical bundle K X /S . We denote its curvature form by
Because of 4.1 we have ω X | Xs = ω Xs .
be the Kodaira-Spencer map of the deformation f : X → S at s ∈ S. Let ∂/∂s = ∂ s be a tangent vector in T s S. Harmonic representatives of ρ(∂ s ) with respect to the hyperbolic metrics on X s are harmonic Beltrami differentials, which we denote by µ s = µ z sz ∂ s dz. These objects can be obtained by horizontal lifts of ∂ s (see [Sch93] ), which are also canonical lifts in the sense of Siu ([Siu86] ). This lift can be computed as
which indeed gives a lift of ∂ s perpendicular to the fibers with respect to ω X . In this notation g sz is the component of ω X in the direction of z and s. The harmonic Beltrami differential is given by
Now we consider the characterisitic map
Since we have chosen a Kähler metric ω Xs on X s and there are no non-trivial holomorphic vector fields on X s , we can identify H 0 (X s , N βs ) with
by the results of the last section. One obtains a representative of τ s (∂ s ) in H Xs/Y also by using the horizontal lift v s :
where we introduced the notation
By Proposition 3.6 and the proof of Proposition 3.7 we have τ s (∂ s ) = u s ∈ H Xs/Y . We call the elements of H Xs/Y (by abuse of notation) generalized harmonic representatives of the characteristic map. We also state this as a result:
Proposition 4.2. The pushforward of horizontal lifts of tangent vectors give generalized harmonic representatives of the characteristic map.
Remark 4.3. The vector fields u s have already been constructed in the work [ABS15] without being aware of their deformation theoretic meaning. These ad hoc defined objects were used for defining the Weil-Petersson metric, see below.
4.2. Definition of the metric. We keep the notation from the previous subsection. Using the harmonic representatives of the characteristic map, we are able to introduce a metric on any smooth base S of an effectively parametrized family (β, f ) : X → Y × S of coverings of Riemann surfaces. Let s = (s 1 , · · · , s r ) be again local holomorphic coordinates on S, which we use together with a coordinate z on the fiber as coordinates on X such that f (z, s) = s. Moreover, let w be a local holomorphic coordinate on Y so that β(z, s) = w. The Kähler metric on Y of constant Ricci curvature (+1, 0 or -1 depending on g(Y )) reads as ω Y = √ −1h ww dw ∧ dw. For the pullback of this metric we get
Here and in the following we are using Einstein's convention of summation. The explicit expression for ω X = √ −1∂∂ log g(z, s) gives
For a tangent vector ∂ i = ∂/∂s i , 1 ≤ i ≤ r, we set u i := u ∂/∂s i . For any s ∈ S the space H Xs/Y ⊂ A 0,0 (X s , β * s T Y ) carries a natural scalar product. Thus we define
Here we were writing gdA = √ −1g zz (z, s)dz ∧ dz for the area element with respect to the hyperbolic metric on the fiber X s . As we will see soon, already this product gives a hermitian metric on the base S if the family is effectively parametrized as a family of maps. But for obtaining a Kähler metric, we need a second term, see [ABS15] . We set
Here we used the function
which is the inner product of the horizontal lifts in the direction of i and j with respect to the form ω X . One should compare the expression for G 
is effectively parametrized.
Proof. We present a more conceptional proof than in [ABS15] . We proof the property at a point s ∈ S and choose a tangent vector ∂ s ∈ T s S such that G W P ss (s) vanishes. First, we consider
From the equality ( ωs + 1)ϕ ss = ||µ s || 2 and the fact that the operator ωs + 1 is strictly positive (see [Sch12] ), it follows that ϕ ss is non-negative. Since also the second term G 4.4. The choice of coordinates. We consider the case of families of coverings (β, f ) : X → Y × S of compact hyperbolic Riemann surfaces X s over a one-dimensional base 0 ∈ S ⊂ C. We assume that the horizontal lift v s = ∂ s + a z s ∂ z of the coordinate vector field ∂ s is a holomorphic vector field on X . By integrating this vector field (after a shrinking of S), we obtain a trivialization
We now compute the family of metric tensors in this new trivialising coordinatesz, s:
We obtain for the derivatives logg ∂ logg ∂s = ∂ log g ∂z ∂z ∂s + ∂ log g ∂s und furtherg 
4.5. Preparations and useful identities. In this subsection, we recall briefly the calculus of covariant derivatives, which we apply to global C ∞ -sections of the hermitian bundle (β * T Y , β * h). Furthermore, we collect some useful formulas for the further computations, which already appear in the computation of the curvature of the Weil-Petersson metric on the Teichmüller space.
By keeping the notation from the previous subsections, we use the symbol | for ordinary and ; for covariant derivatives. We set ∂ z = ∂/∂z, ∂ z = ∂/∂z and ∂ k = ∂/∂s k , ∂ l = ∂/∂s l for coordinate directions 1 ≤ k, l ≤ r on the r-dimensional base S. Let u = u w (z, s)∂ w and v = v w (z, s)∂ w be vector fields along the fibers of X → S, i.e. u s := u(z, s) and v s = v(z, s) are differentiable families of vector fields with values in β *
where we introduced the covariant derivatives , s) ).
Analogously we have for
where
Proof. We compute
Furthermore, we need some useful formulas for the computations in the next sections, which already appear in the computation of the curvature of the Weil-Petersson metric on the Teichmüller space: 
Here we have
Moreover, we have the following results (see [Sch93, Sch12] ):
Lemma 4.9. We write L k for the Lie derivative with respect to the vector field v k . Then
for any smooth (1, 1)-form η on X .
The form A z iz (z, s)∂ z dz =∂v i | Xs is the harmonic representative of the Kodaira-Spencer class ρ(∂ i ). The fact that the operator ( + 1) is invertible gives Corollary 4.13. A deformation f : X → S is infinitesimal trivial at a point s 0 ∈ S in the direction of 1 ≤ i ≤ r or 1 ≤ j ≤ r if and only if ϕ i (z, s 0 ) = 0 for all z ∈ X s0 . Remark 4.14. For simplicity we consider a one-dimensional base S with a local coordinate s. It follows from equation (4.5) of Lemma 4.8 and the preceding corollary: If f : X → S is infinitesimal trivial at s 0 ∈ S , then ∂ z a s = 0 = ∂ s a s . Thus, the horizontal lift v s = ∂ s + a z s ∂ z is holomorphic with respect to z and s if the family f : X → S is infinitesimal trivial entirely on S. By integrating this holomorphic horizontal lift, we obtain a local trivialization of the family.
The vector field v k is a horizontal lift of ∂ k with respect to the form ω X . Now we ask for a horizontal lift with respect to β * ω Y . Since this form has zeros, we obtain a vector field with poles: The Kähler property means that dω W P = 0. This is equivalent to the Kähler symmetry
k (s) for all 1 ≤ i, j, k ≤ r = dim S and s ∈ S. We compute by using the Lie derivative L k with respect to the vector field v k and Lemma 4.9:
where we introduced the notation D k (u i ) := (∇ k + a z k ∇ z )(u i ) for the covariant derivative in the direction of the horizontal lift v k . We also made use of Lemma 4.10. Now L k (ϕ i ) = v k (ϕ i ) = v i (ϕ k ) = L i (ϕ k ) (see [LSY04, Lemma 3 .2]). Furthermore, also the third fixed. Moreover, we can give a curvature formula of the bundle f * β * T P 1 , which is then a bundle on the entire Hurwitz space and gives the curvature formula of the subspaces by restriction. 5.1. Curvature for a subspace. We consider the universal family (β, f ) : X = (X s ) → P 1 × H We start computing the curvature of the bundle f * β * T P 1 on the base H n,b of dimension b > 4g(X s )− 4. For this, we choose local coordinates s 1 , . . . , s b on H n,b in a neighborhood of a fixed point s and an orthogonal frame u 1 , . . . , u r of local holomorphic sections such that G i (s) = δ i and ∂ k G i (s) = 0 for all 1 ≤ k ≤ b und 1 ≤ i, j ≤ r.
We start computing and will use L k (g dA) = 0 (see Lemma 4.10) several times. We get for the first derivative 
